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Abstract Let G be a bipartite graph with vertex set V(G) and edge set E(G), and let
g and f be two positive integer-valued functions defined on V(G) such that g(z) < f(z)
for every vertex z of V(G). Then a (g, f)-factor of G is a spanning subgraph H of G such
that g(z) < du(z) < f(z) for each z € V(H). A (g, f)-factorization of G is a partition of
E(G) into edge-disjoint (g, f)-factors. Let F = {F, Fa,--+,Fm} and H be a factorization
and a subgraph of G, respectively. If F;,1 < 7 < m, has exactly one edge in common
with H, then it is said that F is orthogonal to H. It is proved that every bipartite
(mg+m—1,mf—m+1)-graph G has a (g, f)-factorization orthogonal to k vertex disjoint
m-subgraphs of G if % < g(z) for all z € V(G). Furthermore, it is showed that the results
in this paper are best possible.
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1 Introduction

In this paper we consider finite undirected simple graphs. Let G be a graph with vertex
set V(G) and edge set E(G). Let g and f be two positive integer-valued functions defined on
V(G) such that g(z) < f(z) for every vertex = of V(G). Then a (g, f)-factor of G is a spanning
subgraph H of G satisfying g(z) < dgy(z) < f(z) for each z € V(H). In particular, if G itself
is a (g, f)-factor, then G is called a (g, f)-graph. A subgraph H of G is called an m-subgraph
if H has m edges. A (g, f)-factorization F = {Fy, Fs,---, F,,} of a graph G is a partition of
E(G) into edge-disjoint (g, f)-factors Fy, Fa,---, F,, . Let H be a subgraph of a graph G. A
factorization F = {Fy, Fp,---,Fp,} is orthogonal to H if |[E(H)NE(F,) =1,1<i<m. A
graph denoted by G = (X, Y, E(G)) is a bipartite graph with bipartition {X,Y} and edge set
E(G). D. de Werral!l showed that a bipartite graph has an (g, f)-factorization if and only if G
is an (mg,mf)-graph. Alspachl?l presented the following problem: given a subgraph H, does
there exist a factorization F of G with some fixed type orthogonal to H? Recently Li and Liul3

showed that an (mg+m—1,mf—m+1)-graph has a (g. f)-factorization orthogonal to any given
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m~-subgraph . The purpose of this paper is to prove that every bipartite (mg+m—1,mf-m+1)-
graph has a (g. f)-factorization orthogonal to any k vertex disjoint m-subgraphs if % < g(z) for
all z € V(G). Purthermore, we show that some results in this paper are best possible and give
some open problems.

Let G be a graph. For a vertex z of G the degree of z in G is denoted by dg{z). The number
of connected components of G is denoted by ¢(G). For a subset X of E(G), if (G~ X) > ¢(G),
then X is called a cutset of G. Let S and T be two disjoint subsets of V(G). We set Eg(S,T) =

{zy:zy € E(G),z € S and, y € T} and e¢(S,T) = |Eg(S,T)|. We write f(S) = > f(z) for
TES
any function f and define f(#) = 0. Other notations and definitions in this paper can be found

in [4].

In 1970 Folkman and Fulkerson{! obtained the following result.

Lemma 1.1 Let G = (X,Y, E(G)) be a bipartite graph and g and f be two positive
integer-valued function defined on V(G) such that g(z) < f(z) for all ¢ € V(G). Then G has
a (g, f)-factor if and only iffor all SC X and TCY

716 = 116(5,T,g, f) = f(5) — 9(T) + d-s(T) 2 0
and

Y2G = ‘YZG(SSTs g, f) - f(T) - g(S) +dG—T(S) 2 0.

Let G = (X,Y, E(G)) be a bipartite graph and let E; and E» be two disjoint subsets of
E(G). Fr SCX and T CY set
E;s =E,NEg(S,Y\T), E;x = EiN Ec(T,X\S), i=1,2.

and

as = |Eis|, ar =|Ei7|, Bs = |E:s|, Br = |Eor|.

Now we give a necessary and sufficient condition for a bipartite graph to have a (g, f)-factor
containing E; and excluding F, which is essential to the proof of our main results.

Lemma 1.2 Let G = (X,Y, E(G)) be a bipartite graph and ¢ and f be two positive
integer-valued functions defined on V(G) such that 0 < g(z) < f(z) for all z € V(G). Let E;
and E> be two disjoint subsets of E(G). Then G has a (g, f)-factor F such that E; C E(F)
and ExNE(F)=0ifandonlyifforall S C X and TCY

Y16 > as + fBr and v26 > ar + fs.

Proof Let G' = G ~ E,. Clearly G has a (g, f)-factor such that E(F)N E; = 0 if and
only if G’ has a (g, f)-factor, by Lemma 1.1, this if and only if for all subsets SC X and T C Y

116 = 116:(S8, T, 9, f) = f(8) = 9(T) + dg'—5(T) > 0

and
Y2er = Y26: (8, T, g, f) = f(T) — 9(S) +dg'-7(5) > 0.
It is easy to see that

716" = N1 — Br and 261 = Y2 — Bs.
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Therefore y16 > 0 and yagr > 0 if and only if

716 2 PBr, and 126 > Bs.

Let ¢'(z) = dg(z) — f(z}), f'(z)=ds(z) - g(z).
It is obvious that G has a (g, f)-factor containing all edges of E; if and only if G has a
(¢', f')-factor excluding all edges of E;,. By the above argument, this is equivalent to

716(85,T;9',f') > ar and 16(S,T;¢', f') > as.

Note that v16(S, T, ¢', f') = f(S)—9'(T)+dg-5(T) = dg(S)—g(S)—de(T)+ f(T)+d¢-s(T) =
f(T) - g(S) +de-17(S) = 126(S, T\ g, f). Similarly, v26(5,T,¢', f') = 116(S, T\ g, f). Hence G
has a (g, f)-factor containing all edges of Ey if and only if v1¢ > as, 7 > ar.

Since G has a (g, f)-factor F such that B; C E(F) and F, N E(F) = 0 if and only if
G’ has a (g, f)-factor F such that E; C E(F). By the above discussion, this is equivalent to
Y16 > as and g2’ > ar. Note that yi1¢: = y16 — Or and y2¢: = v2¢ — Bs. It follows that G
has a (g, f)-factor F such that E; C E(F) and E; N E(F) = 0 if and only if

Y16 2 as + Br and y2¢ > ar + Bs.

2 Orthogonal Factorizations

Now we assume that G is a bipartite (g + m — 1,mf — m + 1)-graph where m > 1 is an

integer. Define

p(z) = max{g(z),de(z) — (m— 1)f(z) + m — 2},

and
g(z) = min{f(z),de(z) — (m — 1)g(z) — m + 2}.

By the definition of p(z) and ¢(z), we have that
g9(z) < p(z) < g(z) < f(z).

Let Aq(z) = 1—1n—dc(:c) — p(z), and As(z) = ¢(z) — Ldg(z).

m

We have the following Lemimas.
Lemma 2.1 For every z € V(G) and m > 2

m-—1
m

Ai(z) > { ,177 if p(z) > g(z) and dg{z) = mf(z) —m+1,
1(Z

otherwise,

and

m—1

=, otherwise.

A )>{ 1 ifq(z) < f(z) and dg(2) = mg(z) +m — 1,
2\T) 2

Proof If p(z) = g(z), then Ay(z) > ﬂg—(ﬂg—m—'—l ~g(z) = 2=1,

m

Otherwise, by the definition of p(z), we have p(z) = dg{z) — (m — 1) f(z) + m — 2.
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