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All grgphs under consderation are snple. Let G be a grgph with vertex st V(G) and edge &t E
(G. Let gand f be two integer-vad ued functions dffinedon V(G sauchthat g(x) =f (x) for every ver-
tex xd V(G . Thena (g,f)-factor of Gisa gannng subgrgph R G stiding g(x) =dg(x) =f
(x) fordl x V(G). Inpaticdar,if Gitdf isa (g, f)-factor, then Giscdled a (f, g)-grgoh. A
(g,f)-factorization F={ F, R, , Fyn} O Gisapatitiond E(G into edgedgoint (g, f)-factors Fy,
F., , Fn. Let Rbeasubgrgphdf G. A fectorization F={ F;, R, , Fn} of Gisorthogord (rep.
auorthogord) to Rif | E(H) n E(F)| = 1, 1<i <m (rep. | E(H) n E(FR)| <1, 1<i <m). It
is onectured in [1] thet every (mg+ m- 1, mf - m+1) - grgph hasa (g, f)-factorization orthgpnd to a
gven aubgrgph R with m edges. When Risamaichingof m edgesor a dar of m edges, the conjecture
has been proved by Liu. It isprovedin thispgper that the corjectureistruefor any subgrgoh with m edges.

Let Sand T betwo dgoint substsdf V(G . We derote by Ec(S, T) the st of edgeswithore end
in Sandtheotherin T,and by es(S, T) thecardrdity o Eg(S, T). Wewrite f(S) = Y, sf (x) for
any function f dfinedon V(G , and ddfire f (9 =0. Seddly, ds(T) = >« tda(x). Let gand f be
two integer - vadued functions dfinedon V(G ,and Cheamnporent o G- (S T) schtha g(x) =
f(x) fordl x V(O ,thenwecdl Canevenor odd conporent aordng as es( T,V (Q)) +f (O is
evenor odd. If the mnporent Cof G- (S T) isnether even ror odd we cdl C a neutrd conponent.
We derote by hg(S, T) the number of the odd conporentsaf G- (S T) , and write

As(S,T) = de.s(T) - g(T) - he(S,T) +f(9).

Let Sand T betwo dgoint subsstsof V(G ,and E and E betwo dgoint subsstsof E(G). Let
D=V(Q\(s T,E9 ={xy EQG:x,y &, ET={xy EQ:x,y T}

and we write

o

d= E n E(S, Ea= E n E(S,D); BA= B n E(T), Ba= E n E(T,D);
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i = 2| Bal+ Bal+2| B4+ B4l

Lemmal Le Gheageph, and g and f be two integer- vdued functions dfined on V ( G) such
tha 0 <g(x) <f(x) < ds(x) fordl x V(G ,and E and E betwo dgoint substsdf E(G). Then
Ghasa (g,f)-fator Fachtha E CE(P and B n E(P = <if and only if }As(S, T) =@ holdsfor
any two dgoint substs Sand Tof V(G).

Ddine

p(x) = max{ g(x), ds(x) - (m- Df(x) +(m- D},
a(x) =mn{f(x), ds(x) - (m- D g(x) - (m- D}.

Main Theorem Let Ghea (Eg+E- 1!6 - [E+1)-graph with k >1 and R be any subgraph of
G with k edges. Then G hasa (g, f)-factorization orthogond to R.

Main Que d Prod We will prove the theorem by induction on k. When k <2, the theorem
can be eadly proved. S we may asume that k =3. Assume that the theoremistrue when k< m. We row
ondder the grgph G with k= m.

Sppo= to the ontrary that the theoremis ot true when k= m. Let H be such a subgrgph of R
ach that G hasmot any (g, f) - factorization orthogond to H, but for any subgrgph Hj@f H, G hesa (g,
f) - factorization of orthogord to Hja

Chooe uv  E(H) schthat dy(u) + dy(v) isaslarge aspossbe.Le B ={uw}, E= E(H) \
E. Then G hasrot any (p, 0 - factor containing E; and exdudng E. By Lemma 1, for p(x) and g
(x) there exigt two dgoint subsets Sand Tof V(G sch thalAg(S, T) <io.

SQubsecently , we can prove afew of dams which are key to prove our men resut.

Jaiml S#<, T#<

daim2 g(x) =0, f(x) =2 hddsfordl x S T.

daim3 dg(x) = m-1fordl x S; dg(x) = m+1fordl x T.

daim4 Baz <

Pod o Main Thewem By thechniced Hand dam4, Ghasa (g, f)-factorization F suborthogo-
ndto E(H \ A Let

F={F FE(P NnERZI,F=FF,

then |F| +|F| = m.

Furthernore, we choos a ( g, f)-factorization F suborthogond to E( H) \ F#such that | F'| isas
smdl aspossbe. Snce Fis ot suborthogond to H,F' £ <

Snce Fissuborthogond to E(H) \ &, but mot to H, thereisafactor F F axchtha E(F) n
Baz <and| E(F) n E(H)| =2. Let xy E(F) nEB& Snee x,y Tandby Aam3, de(x) = ds
(y) =m+1 CooseF F.Lea

F=F\{x}},F = Ra {x}.,F =(F\{F,R® {F, F}.

By dam 2, Fisdilla(g,f) - fadtorof G. f F isd®oa(g,f)-fatorof G,then F isdoa(g,f) -
factorization of G suborthogond to E(H) \ &, contradicting the minimdity of | F'| . Subsequently , max
{de" (%) ,de"(y)} =3. Let
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E.={F F :de(x) <2.
f d="(x) =3, by Aam 3, dg(x) = m+1. Then we have that
m

Snoe de* =3, thatis drs=2and E(FEN E(R) =<,exd{ x}, S =2-1A>1. D thereisa vertex
z Ssachtha zx E(F’)\ R Bydam3, ds(2) = m- 1. Therdore, thereisafactor Fa £, saich
thet drq 2) <2(ctherwise,ds(2) =2|F,| =m). bsgently, F* " = K& { xz}is dill a (g, f)-fadtor of
G. By dam2,dther F = F"\ {xz isa (g,f)-fadorof Gor o (y) =3. Let

F'"=(F'\{R&F}) {F "F}.F ={F F ":de(y) <2.

ff d="(y) =2,then F~ “isd®a (g, f)-factorization suborthogond to E(H) \  Fi#, contradicting the

mnmeity of | F]. $ we may asume that d=" (y) =3. Smilarly, we can sow that | Fy| ZJ;J and there

isavertex w Sachtha wy E(F")\ Rand F” F,schthat de(w) <2. Let

* * * *

E S B g s EV(WRE T = (BUVLETET) (LR,
then F™ " "isa (g, f)-factorization of G suborthogord to E( H) \ B, contradicting the minimdity of
| Fl.
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