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All graphs under consideration are simple. Let G be a graph with vertex set V ( G) and edge set E

( G) . Let g and f be two integer2valued functions defined on V ( G) such that g( x) Φ f ( x) for every ver2

tex x of V ( G) . Then a ( g , f )2factor of G is a spanning subgraph R of G satisfing g ( x) Φ dR ( x) Φ f

( x) for all x∈ V ( G) . In particular , if G itself is a ( g , f )2factor , then G is called a ( f , g)2graph. A

( g , f )2factorization F = { F1 , F2 ,⋯, Fm} of G is a partition of E( G) into edge disjoint ( g , f )2factors F1 ,

F2 , ⋯, Fm . Let R be a subgraph of G. A factorization F = { F1 , F2 ,⋯, Fm} of G is orthogonal (resp.

suborthogonal) to R if | E( H) ∩ E( Fi) | = 1 , 1 Φ i Φ m (resp. | E( H) ∩ E( Fi) | Φ1 , 1 Φ i Φ m) . It

is conjectured in [1] that every ( mg + m - 1 , mf - m + 1) - graph has a ( g , f )2factorization orthgonal to a

given subgraph R with m edges. When R is a matching of m edges or a star of m edges , the conjecture

has been proved by Liu. It is proved in this paper that the conjecture is true for any subgraph with m edges.

Let S and T be two disjoint subsets of V ( G) . We denote by EG ( S , T) the set of edges with one end

in S and the other in T , and by eG ( S , T) the cardinality of EG ( S , T) . We write f ( S) = ∑x∈Sf ( x) for

any function f defined on V ( G) , and define f ( <) = 0. Specially , dG ( T) = ∑x∈TdG ( x) . Let g and f be

two integer - valued functions defined on V ( G) , and C be a component of G - ( S ∪T) such that g( x) =

f ( x) for all x∈V ( C) , then we call C an even or odd component acording as eG ( T , V ( C) ) + f ( C) is

even or odd. If the component C of G - ( S ∪T) is neither even nor odd we call C a neutral component.

We denote by hG ( S , T) the number of the odd components of G - ( S∪T) , and write

¦ÄG ( S , T) = dG- S ( T) - g( T) - hG ( S , T) + f ( S) .

　　Let S and T be two disjoint subsets of V ( G) , and E1 and E2 be two disjoint subsets of E( G) . Let

D = V ( G) \ ( S ∪ T) , E( S) = { xy ∈ E( G) : x , y ∈S} , E( T) = { xy ∈ E( G) : x , y ∈ T}

and we write

E¡ä1 = E1 ∩ E( S) , E¡å1 = E1 ∩ E( S , D) ; E¡ä2 = E2 ∩ E( T) , E¡å2 = E2 ∩ E( T , D) ;
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¦¤ = 2 | E¡ä1 | +| E¡å1 | + 2 | E¡ä2 | +| E¡å2 | .

　　Lemma 1　Let G be a graph , and g and f be two integer2valued functions defined on V ( G) such

that 0 Φg( x) < f ( x) Φ dG ( x) for all x∈V ( G) , and E1 and E2 be two disjoint subsets of E( G) . Then

G has a ( g , f )2factor F such that E1 Α E( F) and E2∩E( F) = < if and only if ¦ÄG ( S , T) Ε¦¤ holds for

any two disjoint subsets S and T of V ( G) .

Define

p( x) = max{ g( x) , dG ( x) - ( m - 1) f ( x) + ( m - 1) } ,

q( x) = min{ f ( x) , dG ( x) - ( m - 1) g( x) - ( m - 1) } .

　　　　Main Theorem　Let G be a (¦Êg +¦Ê- 1 ,¦Êf - ¦Ê+ 1)2graph with k Ε1 ,and R be any subgraph of

G with k edges. Then G has a ( g , f )2factorization orthogonal to R.

　　Main Clue of Proof　We will prove the theorem by induction on k. When k Φ2 , the theorem

can be easily proved. So we may assume that k Ε3. Assume that the theorem is true when k < m . We now

consider the graph G with k = m .

Suppose to the contrary that the theorem is not true when k = m . Let H be such a subgraph of R

such that G has not any ( g , f ) - factorization orthogonal to H , but for any subgraph H¡äof H, G has a ( g ,

f ) - factorization of orthogonal to H¡ä.

Choose uv∈E( H) such that dH ( u) + dH ( v) is as large as possible.Let E1 = { uv} , E2 = E( H) \

E1. Then G has not any ( p , q) - factor containing E1 and excluding E2. By Lemma 1 , for p( x) and q

( x) ,there exist two disjoint subsets S and T of V ( G) such that¦ÄG ( S , T) <¦¤.

Subseqently , we can prove a few of Claims which are key to prove our main result.

Claim 1 S≠<, T≠<.

Claim 2 g( x) = 0 , f ( x) = 2 holds for all x∈S∪T.

Claim 3 dG ( x) = m - 1 for all x∈S ; dG ( x) = m + 1 for all x∈T.

Claim 4 E¡ä2≠<.

Proof of Main Theorem　By the choice of H and Claim 4 , G has a ( g , f )2factorization F suborthogo2
nal to E( H) \ E¡ä2. Let

F′= { F ∈F: E( F) ∩ E( R) ≠<} , F″= F \ F′,

then | F′| + | F″| = m .

Furthermore , we choose a ( g , f )2factorization F suborthogonal to E( H) \ E¡ä2 such that | F″| is as

small as possible. Since F is not suborthogonal to H ,F″≠<.

Since F is suborthogonal to E( H) \ E¡ä2 , but not to H , there is a factor F∈F′such that E( F) ∩

E¡ä2≠< and | E( F) ∩ E( H) | Ε2. Let xy∈E( F) ∩E¡ä2. Since x , y∈T and by Claim 3 , dG ( x) = dG

( y) = m + 1. Choose F′∈F″. Let

�F = F \ { xy} , F3 = F¡ä∪{ xy} ,F3 = ( F \ { F, F¡ä}) ∪{ �F, F3 } .

By Claim 2 , �F is still a ( g , f ) - factor of G. If F3 is also a ( g , f )2factor of G , then F3 is also a( g , f ) -

factorization of G suborthogonal to E( H) \ E¡ä2 , contradicting the minimality of | F″| . Subsequently , max

{ dF
3 ( x) , dF

3 ( y) } = 3. Let
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F̂x = { F ∈F3 : dF ( x) < 2} .

　　If dF
3 ( x) = 3 , by Claim 3 , dG ( x) = m + 1. Then we have that

| F̂x | Ε m
2

.

　　Since dF
3 = 3 , that is dF¡ä= 2 and E( F¡ä) ∩ E( R) = <, eF¡ä({ x} , S) = 2 - ¦ÅΕ1. So there is a vertex

z∈S such that zx∈E( F3 ) \ R. By Claim 3 , dG ( z) = m - 1. Therefore , there is a factor F¡å∈̂Fx such

that dF¡å( z) < 2(otherwise , dG ( z) Ε2| F̂x| Ε m) . Subseqently , F3 3 = F¡å∪{ xz}is still a ( g , f )2factor of

G. By Claim 2 , either �F3 = F3 \ { xz} is a ( g , f )2factor of G or d�F 3 ( y) = 3. Let

F3 3 = ( F3 \ { F¡å, F3 }) ∪{ F3 3 , �F3 } , F̂y = { F ∈F3 3 : dF ( y) < 2} .

　　If d�F 3 ( y) = 2 , then F3 3 is also a ( g , f )2factorization suborthogonal to E( H) \ E¡ä2 , contradicting the

minimality of | F″| . So we may assume that d�F 3 ( y) = 3. Similarly , we can show that | Fy| Ε m
2

and there

is a vertex w∈S such that wy∈E(�F3 ) \ R and FÊ∈̂Fy such that dFÊ( w) < 2. Let

F3 3 3 = FÊ∪{ xy} , �F3 3 = �F3 \ { wy} ,F3 3 3 = (F3 3 \ { FÊ, �F3 }) ∪{ F3 3 3 , �F3 3 } ,

then F3 3 3 is a ( g , f )2factorization of G suborthogonal to E( H) \ E¡ä2 , contradicting the minimality of

| F″| .
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