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Abstract This paper presents a new proof of a charaterization of fractional (g, f)-factors
of a graph in which multiple edges are allowed. From the proof a polynomial algorithm for
finding the fractional (g, f)-factor can be induced.
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1 Introduction

The graphs considered in this paper will be finite undirected graphs which may have
multiple edges but no loops. Let G be a graph with vertex set V(G) and edge set E(G). For
a vertex z of G, the degree of z in G is denoted by dg(z). Let ¢ and f be two integer-valued
functions defined on V(G) such that 0 < g(z) < f(z) for all z € V(G). Then a (g, f)-factor
of G is a spanning subgraph F of G satisfying g(z) < dg(z) < f(z) for all z € V(F). If
g(z) = f(z) for all z € V(G), then a (g, f)-factor is called an f-factor. If f(z) = k for some
integer k and all z € V(G), then an f-factor is called a k-factor. A fractional (g, f)-indicator
function is a function h that assigns to each edge of a graph G' a number in [0, 1] so that for

each vertex z we have g(z) < d'c‘;(:l:) < f(z), where d'c‘;(:v) = 3 h(e) is the fractional degree
ecE,
of z in G with E; = {e: e = zy € E(G)}. When g(z) = 0 and f(z) = 1 for all z € V(G),

a fractional (g, f)-indicator function is a fractional matching(®?). When g(z) = f(z) = 1 for
every ¢ € V(G), a fractional (g, f)-indicator function is an indicator function of a fractional
perfect matching or a fractional 1-factor{?l. Let h be a fractional (g, f)-indicator function of a
graph G. Set E, = {e : e € E(G) and h(e) # 0}. If G}, is a spanning subgraph of G such that
E(Gh) = Ej, then Gy is called a fractional (g, f)-factor of G. h is also called the indicator
function of Gy. If h(e) € {0, 1} for every e, then G is just a (g, f)-factor of G. Anstee gave a
necessary and sufficient condition for a graph to have a fractional (g, f)-factor!® and proved it
by algorithms. In this paper a new proof is given and a kind of results on fractional 1-factors
are generalized. Furthermore, by the proof, a polynomial algorithm for finding the fractional
(g, f)-factors can be induced which is better than that in [3].
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2 The New Proof of Characterizations of Fractional (g, f)-Factors in
Graphs

Let G be a graph. For a subset S of V(G), we denote by G — S the subgraph obtained from
G by deleting the vertices in S together with edges incident with vertices in S. For E' C E(G),
we denote the subgraph induced by E’ by G[E’]. Let S and T be two disjoint subsets of V(G),
we write Eg(S,T) = {zy:zy € E(G),z € S and y € T} and e¢(S,T) = h(Eg(S,T)). If f is
any real function on set S, we let f(S) = Zsf(:c) and f(¢) =0.
z€

Lovasz gave the characterization of (g, f)-factor in a graph!¥l, Heinrich et al. gave a simple
existence criterion for (g < f)-fa,ctors[s].

Lemma 2.1 Assume that one of the following two conditions holds: (1) for every vertex
z of G we have g(z) < f(z) or (2) the graph G is bipartite. Then G has a (g, f)-factor if and
only if for every subset S of V(G), ¢(T) — dg_s(T) < f(S), where T = {z : 2z € V(G)\S and
dg-s(z) < g(z)}.

In the following we always assume that g and f are two integer-valued functions defined
on V(G) and 0 < g(z) < f(z) for every z € V(G). Clearly, every graph G has a fractional
(0, f)-factor. Let F = Gy be a fractional (0, f)-factor of a graph G with indicator fractional
function h. An z-alternating path with respect to h is a sequence of vertices of G, P(z;,z) =
{z1,za,--,zx = z}, such that for each ¢, h(z2i—1z2i) < 1 and h(z2;z2i41) > 0; the path
P(zy,2) is even (odd) if k is odd (even). We denote an odd(even) z-alternating path from
z1 to z by P,(z1,2)(Pe(z1,2)). We define an augmenting path in G with respect to A to be
either an odd z-alternating path P,(z,,z) with h(E; ) < g(z;) and h(E,) < f(z) or an even
z-alternating path with h(E;,) < g(z1) and h(E;) > g(z).

We prove the necessary and sufficient condition for a graph to have a fractional (g, f)-factor
by graphical methods. Anstee obtained it by algorithm(®!,

Theorem 2.1 Let G be a graph. Then G has a fractional (g, f)-factor if and only if for
every subset S of V(G)

g(T) - de_s(T) < f(S) (2.1)

where T = {z : z € V(G)\S and dg_s(z) < g(z)}.
Proof If G has a fractional (g, f)-factor G5, with fractonal indicator function h, then for
any S C V(G)
h(Ec(S,V(G)\S)) < f(S5).

It is easy to sce that for z € T
MEg(S,{z})) > g(z) — dg-s().
Thus we have
9(T) - de-s(T) < h(E6(S,T)) < ME6(S, V(G\S) < f(5).

Now we assume that (2.1) holds. We prove that G has a fractional (g, f)-factor. Otherwise,
G has no fracctional (g, f)-factor. Let F = G} be a fractional (0, f)-factor which minimizes
quantity
§(F) = (9(z) — ME:))

zeU



No.4 Liu & Zhang: FRACTIONAL (g, f)}-FACTORS OF GRAPHS 543

where U = {z: z € V(G),h(E;) < g(z)}-

Since F is not a fractional (g, f)-factor, we have U # ¢ and §(F) > 0. By minimality of
6(F) we may assume that each edge e joining two vertices of U has h(e) = 1. Let

S* = {z:z & U, there is an odd z-alternating path P,(z1,z) in G and z, € U}
and

D = {z :z ¢ U, there exists an even z-alternating path P.(z;,z) and ¢, € U}

It follows from the minimality of §( F') that for z € S*, h(E;) = f(z). Otherwise, h(E;) <
f(z). Let po(z1,2) = {z1,22, -, Tox = z}. Set

£1 min{l—h(wz.'_f-'?zi)}’

€2 = min{h(z2zi41)},

€3 = min{f(z1) - h(Ex,, ), f(z) — h(E;)}

and

£ = n1in{€1,62,63}.

Let hl(:l:g.'_lxg.‘) = h(zz.-_lzz,-) + €, h’(:l:g,'zg,'+1) = h(1325$25+1) — £, and h'(e) = h(e) when
e & Py(z1,z). Then
§(Ghi) < 8(F),

a contradiction.

Similarly, for z € D we have h(E;) = g(z). Otherwise, since z ¢ U, h(E;) > g(z), set
€4 = min{f(z)-h(E;,), h(E;)—g{z)} and ¢ = min{ey,€2,€4}. Let A (z2i—122i) = h(z2i—122;)+
€, h(22i%2i41) = h(Z2i2i41) — € and h'(e) = h(e) for € € P.(z1,z). Then 6(Gy') < §(F). We
get a contradiction too. It follows from these proof that F' minimizes §(F), then G does not
admit an augmenting path respect to h. It is easy to see that if h(zy) > 0, then z € S§*
implies y € DUU. If zy € E(G) and h{zy) < 1l,then z € DU U implies y € S*, Now we
prove that S* N D = ¢.If £ € DN §*, then there exists an odd alternating path P,(z;,z) =
{z1,22, -+, 22x = z} and an even alternating path p.(y1,z) = {y1,¥2, ', Y2k41 = 2} Where
z1, 41 € U. If Po(z1,z) and P.(y1, ) have only one vretex in common, then Po(z1,z)UPe(yy, T)
is an augmenting path respect to h, a contradiction. Otherwise, P,(z1,z) U P.(y1,z) use the
same vertex or edge more than once, but not more than two times. Set

es = min{f(z1) — h(E:,), f(y1) — h(Ey,)}

and

€ = min 16 15 le
- 2112 2;25 .

Let h'(z2i-122i) = h(z2i-122) + €, W (22i%2i41) = h(Z2iT2i41) — €, B (Y2i—192i) = h(y2i—192i) +
& h'(y2iya+1) = h(y2iv2i41) — € and h'(e) = h(e) when e ¢ P,(z1,2) U Po(y;,z). Then Gy
with smaller 4, a contradiction.

Let By = {e:e € E(F) and h(e) = 1} and F, = G{E,]. Thenfor z € DUU

dg_s+(2) = dr,(z) — ep, ({2}, S) < h(E;) ~ eF, ({2}, 5") < g(2).

© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



b © 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



b © 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



