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EdgeDisjoint (g, f)-Factor sOrthogonal to r
D isioint Subgraphs in (mg+ k,mf - k)-Graphs
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Abstract: In thispaper it isproved that every (mng + k,mf - k)2graph hask edge disjoint (g, )2
factorsw hich areorthogonal toH ifori= 1,2,i-,r. Therefore ome know n resultsare mproved
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The graphs considered in this paper will be finite undirected graphs w hich have no
multiple edgesor loops L etG be agraphw ith vertex setV (G) and edge set E (G). L etg and
f be wo integervalued functions defined onV (G) such that g (x) jUf (x) for all x j{EV (G).
A (g, f) Xactor of G isa ganning subgraph F of G satisfying g (x) jUdr (x) jUf (x) for all x iE
V (G). IfGitself isa (g, f)Zactor thenG iscalleda (g,f)2graph A (g, f) ZXactorization
= {F1,F2 j-,F«} of agraph G isapartition of E (G) into edge disjoint (g, f ) ZXactorsF, F2,
i-,Fx LetH bea subgraph of G A factorization F = {F1, F2, j-,F«} of G isorthogonal to
HifGEH){EE(F)0O= 1, 1iUi iUk Inparticular a factor F of G isorthogohal to H if
0E(H) jEE(F)0= 1 A subgraph with k edges is called a k subgraph Notations and
definitions not given in thispaper can be found in [1]

A Ipach et al " presented the follow ing problem: Given a subgraphH of G, does there
exist a factorization F of Gw ith some propertiesorthogonal toH ?L iu proved that every (mg
+ m- 1,mf - m+ 1)2graph hasa (g, f ) Xactorization orthogonal to a star or amatching
[3,4] Yan and Yuan al® studied the orthogonal factorizations®®. L i and L iu show that
every (mg+m- 1,mf- m+ 1)2graph hasa (g, f ) Xactorization orthogonal to any subgraph
of Gwithm edges”. LiandL iualo show that every (mg+ m- 1,mf- m+ 1) 2raphG hasa
(g, f ) Xactorization orthogonal to k disjoint subgraphs®. The purpose of this paper is to
prove that if r j{Ug (x) jUf (x) for every x jEV (G), then for any vertex disjoint k2subgraphs
H1,H 2 i-,Hof an (mg+ k,mf - k) 2graph Gw herem, k and r are positive integers such that
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1iUk< m, G hask edge disjpint (g, f ) XactorsF1, F2, j- , F«such that Fj isorthogonal to every
Hi,1i0ijUrand1iUj iUk Inanotherword, there existsa subgraphR inG such thatR has
a (g, f) Zactorization w hich isorthogonal to everyH i, 1ijUi jUr, wherer jUg (x) jUf (x) for
every x iEV (G). Thuswe mprove the results in [5]

LetG beagraph For asubsetSofV (G), we denote by G the subgraph obtained from
G by deleting the vertices in S togetherw ith the edges incident w ith vertices inS and by G[S]
the subgraph induced by S. For a vertex x of G, the degree of x inG denoted by de (x). LetS
and T be disjoint subsetsofV (G). W ew riteE (S, T) = {xyjAxy jEE (G),x ijES andy jET}
ande(S,T) = 0E(S,T)0O Letgandf be wo integervalued functions defined onV (G) such
that g (x) jUf (x). IfC isa componentof G- (SiET) such thatg(x) = f (x) for all x jE

V (C), thenwe say thatC isodd or even acoording to e(T,V (C)) + Ev,CEf (x) being odd or
xikv (C)

even Leth(S,T) denote the number of odd componentsof G - (S jET). For convenience,
wew rite S) = i[EJ(x) for any functionUand W~ ) = Q Setx(S,T) = de-s(T) - g(T)
iES

- h(S,T) + f(S).
L enma 1"'jjL et G be agraph and letg and f be wo integervalued functions defined on
V (G), such thatg (x) jUf (x) for allx jEV (G). ThenG hasa (g, f) Zactor if and only if for
any two disjoint subsetsS and T of V (G), (S, T) jYQ
Note thatwhenf (x) jUg (x) for allx jEV (G),h(S,T) = Q LetSandT be two disjint
subsetsof V (G) and let E: and Ez be wo disjoint subsetsof E(G). LetU = V (G)a(S iET),
E(S) = {xyjAxy jEE (G) andx,y iES}, andE (T) = {xyiAxy iEE (G) andx,y jET}. W rite
Ef= E.jEE(S), EF= E1{EE(S,U),
Ef= E.iEE(T),Ef= E:iEE(T,U),
a= a(S,T;Ey,E2) = 20EX0+ CEI,
B= B(S,T;Ei,Ez) = 20E50+ CEXD
iiii Lenma 2"jjL etG be agraph and letg andf be o integervalued functions defined on
V (G) and0jUg (x) < f (x) jUds(x) for allx jEV (G). L etEiand Ezbe wo disjoint subsets
of E(G). ThenGhasa (g, f)2Zactor F such thatE: A E(F) andEzjEE(F) = ~ if and only
if for any wo disjoint subsetsS and T of V (G), (S, T) = de-s(T) - g(T) + f (S) YA+
B
In the follow ing we aw ays assume that G isan (mg+ k,mf - k)2graph, 1 iUk < m.
Define
p(x) = max{g(x),ds(x) - (M- 1f (x) + k- 1},
g(x) = min{f (x),ds(x) - M- 1Dg(x)- k+ 1}
By the definition of p (x) and q(x), w e have that

0 () 10p () 0 BB o BT 065 41 o)

Let$:(x) = Qsm_(Ll p(x),$2(x) = qx) - dﬁr‘nm W e have the follow ing L enma
L enma 3jj For every x iEV (G) and 1 jUk < m.
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16m, if p(x) > g(x) and ds(x) = mf (x) - Kk,
kdm, othew ise,
16m, if q(x) < f (x) and de(x) = mg(x) + k,
kém, othew ise

iiii Proofii If p(x) = g(x), then $1(x) iY”lg-("rng-

definition of p (x), we havep (x) = de(x) - (M- 1)f (x) + k- 1 Ifde(x) jUmf (x) - k
delx) e (x)

$1(X) iY
$2 (X) iY

g(x) = ng Othew ise, by the

- 1, then $:(x) = - p(x) = o ds(x) + M - Df(x) - k+ 1jY-
mr;1_1(mf(x)— k- D+ m- Df (x)- k+ 1= Zm'_mk'_1> # Othew ise, we have

ds(x) = mf (x) - kand then

$:(x) = J'7”1(mf(x)- K+ M- 1)f(x)- k+ 1= mTk> i

So the first inequality isproved Smilarly, we can prove that the second inequality also
holds
L enma 4''jj For any wo disjoint subsetsS and T of V (G), (S, T;p,q) = $:(T) +

$:(6) + T ae (1) + QG—;@

L enma 5jj If Ghasa (p, q) XactorF, thenG- E(F) isan ((m- g+ k- 1, (m- 1)f
- k+ 1) - graph

L et G be agraph and let g and f be two integervalued functions defined onV (G) such
that r j{Ug(x) < f (x) for all x jEV (G). LetH 1,H 2, j- ,H : be k2subgraphs of G such that
VH)EVH) = " ,whenijUj Fori= 1,2,j-,r,weputAu= {xyjAxy EE(H i),p (x)
> g(x)andp(y) > g(y)} A= {xyiAxy EEH ), p(x) > g(x) orp(y) > g(y)},

A, ifAuLjU™,

Ai= (A, ifAinL= " andAiin‘,

E(Hi),othewise
iiii ChooseuwiEA fori= 1,2,i-,r. LetEi= {uvijA1iUijUr} andE>= [iijElE (H i)J oE .
W e have0E:0= rand GE20= (k- 1)r. For any wo disjoint subsetsS and T of V (G), we
define ERLEREXEL ABand $, as the above By the definition of Aand B, we have AU
min{2r, (S0}, BiUmin{(k - 1)0T0,2(k - 1)r}. Define p(x) and q(x) as the sane as
before

Theorem ljjLetGbean (mg+ k,mf - k) 2graph, 1ijUk< m. ThenG hasa (p, q) Xactor
F1such thatE1 A E(F1) andE2 jEE(F1) = .

ProofjjByL enma 2, it suffices to show that for any wo disjoint subsetsSand T, I (S,
T)= (S,T;p,q) YA+ B Suppose to the contrary that there areS, T AV (G) andS jET
= ~ such that > (S,T) < A+ B W e have the follow ing claims

Claim 1jj SijU~ ,T{jU"

Proof jj If S = ~, then by Lenma 4, D (S,T) = m_lm ds (T) + $:(T) Y
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BT (g (1) + KT O) + “r%“ivmimn;—n

(- 1) (k- 1)OTG: (k- 1)0T0ijYB= A+ B, acontradiction IfT= ", thenD(S,T)

k_(m-_l)_m.a+ 'ULU|YK-_1
m m m

0T+ 0T 0+

= do-s(T) - p(T)+ q(S) = q(S) > g(S) iYrishiY0sOiYA= A+ B, acontradiction toa
Now we assume thatS jU™ andT jU™. SetSo= {xiAx iES,p(x) > g(x)}. S1= S@So, To
= {XiAET,p(x) = g(x)}, T1= Tala

Claim 2jj For all x {ESo,q(x) = f (x) ords(x) > mg(x) + k

Proofjj Suppose to the contrary that there isan x jESo such thatq(x) < f (x) and ds (x)
= mg(x)+ k Thenwegetq(x) = mg(x) + k- (m- 1)g(x)- k+ 1= g(x)+ 1 Since
g(x) + 1= q(x) ijYpx) + 1iYg(x) + 1, wegetp(x) = g(x), that is, x {ES1, a
contradiction Thusp (x) = g (x) for every x ES:1jEToandp (x) > g(x) for every x iET1
iESo

Now we are in the position to completeour essential theorem. To beginw ith, w e denote
t= v (E1) iETlﬂ Then W (E1) iE (So iETl)ﬂiU 0So0+ t LetD1= {UiViiAUiVi iE E 1, ui,
vi iE (S{ET)}. By the choiceof E1, foruwviiED 1jEE (H 1), if {ui, vi} iE (SojET1) = ~, then
V(Hi)ET:i= ~; if 0{ui,vi} jE (SojET1) 0= 1, then forany xy iEE(H i), 0{x,y} iET:0;U
1 if {ui,vi} A (SojET41), then for any xy iEEMH ), x,y} iET:0iU2 Letti& v (Eu) iE
UG, whereU = V (G)@(SiET). It iseasy to see that B(S, T1) UV (E1) iE (SoiET1) (k-
1) + tigk - 1) jU (GSo0+ t+ tii(k- 1). Subsequently, we get

B(S,T)= B(S,To) + B(S,T1) jUGTol(k- 1) + (0Sol+ t+ tif(k- 1)
= (k- 1) (0sol+ OToO+ t+ tja

and AS,T) jU2r- t- tjathatis, 2riY A+ t+ tjaByL enma 3 andL enma 4, weobtained

Q(S,T)iYUT U+ kUT U+ US.0+ kL5U+ - dG»S(T) + _ldG-T(S)
m m m m
() (] - () (] (] ( - (] (] -
_ ura+ (k 11uTQu+ sSa+ (k 1)uSgu+ m ]de.s(T)+ 'lde.T(S)
m m m m
_ (k- 1) (0Sc0+ OTQG)+ ara+ d5.1(5)+ 0sa+ dg.s(T)+ Mm- 2)ds s(T)
B m m m m
o k- 1) (0S0+ 0To0) mg(x)+ k+ A- 1
|Y +
m m
B mg(x)+ k+ B- (k- 1) m- 2)B
i + +
m m
v (k- 1) (0So0+ OTo0) + 2nr+ k+ A+ (m- 1)B
! m
(K- 1) (0So0+ OTo0) + M- 12r+ k+ A+ (m- 1B
m
v (k- 1) (0SoO+ OTo0) + (m - 1) (A+ t+ tig+ k+ A+ (m- 1)B
|
m
v (K- 1) (0So0+ OTo0+ t+ tii+ mA+ (m- 1)B+ Kk
| m
. mA+ mB+ Kk o
yRAEMBE X . vAL B
m
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This contradiction completes the proof of the theorem.

Now we are ready to prove themain theoram.

Theoran 2jjLetG bean (ng(x)+ k,mf (x)- k)2graph and letg and f be two integer2
valued functions defined onV (G) such that r jUg(x) jUf (x). LetH 1,H 2, j- ,H  be vertex
disjoint k2subgraphsof G. Then G hask edge disjoint (g, f ) Xactorsw hich are orthogonal to
Hiforalli,1iUiiOr

Proofjj By Theorem 1, G hasa (p, q) Xactor F1containing Exand excluding Ez Sinceg jU
p < qiUf and by the definition of (g, f) Zactor of G, we know that the (p, q) Xactor F10f G
isalo a (g, f ) Xactor of G. ByLenmab, Gi& G- E(Fi) isan ((m- 1)g+ k- 1, (m- 1)f
- k+ 1)2graph. Note thatH = Hi- uwviis (k- 1)2subgraph of GidRepeating the above
proof we can prove that G hask (g, f ) XactorsFi, F2, i- , Fx such that each of these factor is
orthogonal toH i for 1jUi iUr
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