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Edge D isjo in t (g , f ) -Factors O rthogona l to r

D isjo in t Subgraphs in (m g+ k , mf - k) -GraphsΞ
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Abstract: In th is paper it is p roved that every (m g + k ,m f - k ) 2graph has k edge disjo in t (g , f ) 2

facto rs w h ich are o rthogonal to H i fo r i = 1, 2, ¡­ , r. T herefo re som e know n resu lts are imp roved.
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T he graph s con sidered in th is paper w ill be fin ite undirected graph s w h ich have no

m u lt ip le edges o r loop s. L et G be a graph w ith vertex setV (G ) and edge set E (G ). L et g and

f be tw o in teger2valued funct ion s defined on V (G ) such tha t g (x ) ¡Ü f (x ) fo r a ll x ¡ÊV (G ).

A (g , f ) 2facto r of G is a spann ing subgraph F of G sa t isfying g (x ) ¡Üd F (x ) ¡Ü f (x ) fo r a ll x ¡Ê

V (G ). If G it self is a (g , f ) 2facto r. then G is ca lled a (g , f ) 2graph. A (g , f ) 2facto riza t ion F
= {F 1, F 2, ¡­ , F k } of a graph G is a part it ion of E (G ) in to edge disjo in t (g , f ) 2facto rs F 1, F 2,

¡­ , F k. L et H be a subgraph of G. A facto riza t ion F = {F 1, F 2, ¡­ , F k } of G is o rthogonal to

H if ûE (H ) ¡É E (F i) û = 1, 1 ¡Ü i ¡Ü k. In part icu la r. a facto r F of G is o rthogohal to H if

ûE (H ) ¡É E (F ) û = 1. A subgraph w ith k edges is ca lled a k subgraph. N o ta t ion s and

defin it ion s no t g iven in th is paper can be found in [1 ].

A lspach et a l. [ 2 ] p resen ted the fo llow ing p rob lem : Given a subgraph H of G , does there

ex ist a facto riza t ion F of G w ith som e p ropert ies o rthogonal to H ? L iu p roved tha t every (m g

+ m - 1,m f - m + 1) 2graph has a (g , f ) 2facto riza t ion o rthogonal to a sta r o r a m atch ing

[3, 4 ]. Yan and Yuan also stud ied the o rthogonal facto riza t ion s[ 5, 6 ]. L i and L iu show tha t

every (m g + m - 1, m f - m + 1) 2graph has a (g , f ) 2facto riza t ion o rthogonal to any subgraph

of G w ith m edges[ 7 ]. L i and L iu a lso show tha t every (m g + m - 1,m f - m + 1) 2graph G has a

(g , f ) 2facto riza t ion o rthogonal to k disjo in t subgraph s[ 8 ]. T he pu rpo se of th is paper is to

p rove tha t if r ¡Ü g (x ) ¡Ü f (x ) fo r every x ¡ÊV (G ) , then fo r any vertex d isjo in t k2subgraph s

H 1, H 2, ¡­ , H r of an (m g + k ,m f - k ) 2graph G w herem , k and r are po sit ive in tegers such tha t
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1 ¡Ük < m , G has k edge disjo in t (g , f ) 2facto rs F 1, F 2, ¡­ , F k such tha t F j is o rthogonal to every

H i, 1 ¡Ü i ¡Ü r and 1 ¡Ü j ¡Ük. In ano ther w o rd, there ex ists a subgraph R in G such tha t R has

a (g , f ) 2facto riza t ion w h ich is o rthogonal to every H i, 1 ¡Ü i ¡Ü r, w here r ¡Üg (x ) ¡Ü f (x ) fo r

every x ¡ÊV (G ). T hu s w e im p rove the resu lts in [5 ].

L et G be a graph. Fo r a sub set S ofV (G ) , w e deno te by G2S the subgraph ob ta ined from

G by delet ing the vert ices in S together w ith the edges inciden t w ith vert ices in S and by G [S ]

the subgraph induced by S. Fo r a vertex x of G , the degree of x in G deno ted by d G (x ). L et S

and T be disjo in t sub sets of V (G ). W e w rite E (S , T ) = {x y ¡Ãx y ¡Ê E (G ) , x ¡ÊS and y ¡Ê T }

and e (S , T ) = ûE (S , T ) û. L et g and f be tw o in teger2valued funct ion s defined on V (G ) such

tha t g (x ) ¡Ü f (x ). If C is a com ponen t of G - (S ¡È T ) such tha t g (x ) = f (x ) fo r a ll x ¡Ê

V (C ) , then w e say tha t C is odd o r even acco rd ing to e (T ,V (C ) ) + ¡Æ
x ¡ÊV (C )

f (x ) being odd o r

even. L et h (S , T ) deno te the num ber of odd com ponen ts of G - (S ¡È T ). Fo r conven ience,

w e w rite U(S ) = ¡Æ
x ¡ÊS

U(x ) fo r any funct ion Uand U(` ) = 0. Set DG (S , T ) = d G- S (T ) - g (T )

- h (S , T ) + f (S ).

L emma 1 [ 9 ]¡¡ L et G be a graph and let g and f be tw o in teger2valued funct ion s defined on

V (G ) , such tha t g (x ) ¡Ü f (x ) fo r a ll x ¡ÊV (G ). T hen G has a (g , f ) 2facto r if and on ly if fo r

any tw o disjo in t sub sets S and T of V (G ) , DG (S , T ) ¡Ý 0.

N o te tha t w hen f (x ) ¡Ùg (x ) fo r a ll x ¡ÊV (G ) , h (S , T ) = 0. L et S and T be tw o disjo in t

sub sets of V (G ) and let E 1 and E 2 be tw o disjo in t sub sets of E (G ). L et U = V (G ) ø(S ¡È T ) ,

E (S ) = {x y ¡Ãx y ¡ÊE (G ) and x , y ¡ÊS }, and E (T ) = {x y ¡Ãx y ¡ÊE (G ) and x , y ¡ÊT }. W rite

E ¡ä
1 = E 1 ¡É E (S ) , E ¡å

1 = E 1 ¡É E (S ,U ) ,

E ¡ä
2 = E 2 ¡É E (T ) , E ¡å

2 = E 2 ¡É E (T ,U ) ,

a = a (S , T ; E 1, E 2) = 2ûE ¡ä
1û + ûE ¡å

1û,

B = B(S , T ; E 1, E 2) = 2ûE ¡ä
2û + ûE ¡å

2û.

¡¡¡¡ L emma 2 [ 7 ]¡¡ L et G be a graph and let g and f be tw o in teger2valued funct ion s defined on

V (G ) and 0 ¡Ü g (x ) < f (x ) ¡Ü d G (x ) fo r a ll x ¡ÊV (G ). L et E 1 and E 2 be tw o disjo in t sub sets

of E (G ). T hen G has a (g , f ) 2facto r F such tha t E 1 A E (F ) and E 2 ¡É E (F ) = ` if and on ly

if fo r any tw o disjo in t sub sets S and T of V (G ) , DG (S , T ) = dG- S (T ) - g (T ) + f (S ) ¡Ý A+

B.

In the fo llow ing w e alw ays assum e tha t G is an (m g + k , m f - k ) 2graph, 1 ¡Ü k < m .

D efine

p (x ) = m ax{g (x ) , dG (x ) - (m - 1) f (x ) + k - 1},

q (x ) = m in{f (x ) , dG (x ) - (m - 1) g (x ) - k + 1}.

By the defin it ion of p (x ) and q (x ) , w e have tha t

g (x ) ¡Ü p (x ) ¡Ü
dG (x ) - 1

m
<

dG (x ) + 1
m

¡Ü q (x ) ¡Ü f (x ).

L et $1 (x ) =
dG (x )

m
- p (x ) , $ 2 (x ) = q (x ) -

dG (x )
m

. W e have the fo llow ing L emm a.

L emma 3¡¡ Fo r every x ¡ÊV (G ) and 1 ¡Ü k < m .
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$1 (x ) ¡Ý
1öm , if p (x ) > g (x ) and d G (x ) = m f (x ) - k ,

köm , o therw ise,

$2 (x ) ¡Ý
1öm , if q (x ) < f (x ) and d G (x ) = m g (x ) + k ,

köm , o therw ise.

¡¡¡¡ Proof ¡¡ If p (x ) = g (x ) , then $1 (x ) ¡Ý m g (x ) + k
m

- g (x ) =
k

m
. O therw ise, by the

defin it ion of p (x ) , w e have p (x ) = d G (x ) - (m - 1) f (x ) + k - 1. If d G (x ) ¡Üm f (x ) - k

- 1, then $1 (x ) =
dG (x )

m
- p (x ) =

dG (x )
m

- dG (x ) + (m - 1) f (x ) - k + 1 ¡Ý-

m - 1
m

(m f (x ) - k - 1) + (m - 1) f (x ) - k + 1 =
2m - k - 1

m
>

k
m

. O therw ise, w e have

dG (x ) = m f (x ) - k and then

$1 (x ) =
1 - m

m
(m f (x ) - k ) + (m - 1) f (x ) - k + 1 =

m - k
m

>
1

m
.

So the first inequality is p roved. Sim ila rly, w e can p rove tha t the second inequality a lso

ho lds.

L emma 4 [ 7 ] ¡¡ Fo r any tw o disjo in t sub sets S and T of V (G ) , DG (S , T ; p , q) = $ 1 (T ) +

$ 2 (S ) +
m - 1

m
dG- S (T ) +

dG- T (S )
m

.

L emma 5¡¡ If G has a (p , q) 2facto r F , then G - E (F ) is an ( (m - 1) g + k - 1, (m - 1) f

- k + 1) - graph.

L et G be a graph and let g and f be tw o in teger2valued funct ion s defined on V (G ) such

tha t r ¡Ü g (x ) < f (x ) fo r a ll x ¡Ê V (G ). L et H 1, H 2, ¡­ , H r be k2subgraph s of G such tha t

V (H i) ¡ÉV (H j ) = ` , w hen i ¡Ù j. Fo r i = 1, 2, ¡­ , r, w e pu tA i1 = {x y ¡Ãx y ¡Ê E (H i) , p (x )

> g (x ) and p (y ) > g (y ) },A i2 = {x y ¡Ãx y ¡Ê E (H i) , p (x ) > g (x ) o r p (y ) > g (y ) },

A i =

A i1,

A i2,

E (H i) ,

if A i1 ¡Ù ` ,

if A i1 = ` and A i2 ¡Ù ` ,

o therw ise.

¡¡¡¡ Choo se u iv i ¡ÊA i fo r i = 1, 2, ¡­ , r. L et E 1 = {u iv i¡Ã1 ¡Ü i ¡Ü r} and E 2 = ¡È
r

i= 1
E (H i) øE 1.

W e have ûE 1û = r and ûE 2û = (k - 1) r. Fo r any tw o disjo in t sub sets S and T of V (G ) , w e

define E ¡ä
1, E ¡å

1, E ¡ä
2, E ¡å

2, A, B and $ , a s the above. By the defin it ion of A and B, w e have A ¡Ü

m in{2r, ûS û}, B ¡Ü m in{ (k - 1) ûT û, 2 (k - 1) r}. D efine p (x ) and q (x ) as the sam e as

befo re.

Theorem 1¡¡ L et G be an (m g + k ,m f - k ) 2graph, 1 ¡Ük < m. T hen G has a (p , q) 2facto r

F 1 such tha t E 1 A E (F 1) and E 2 ¡É E (F 1) = ` .

Proof ¡¡ By L emm a 2, it suffices to show tha t fo r any tw o disjo in t sub sets S and T , DG (S ,

T ) = DG (S , T ; p , q) ¡Ý A+ B. Suppo se to the con tra ry tha t there are S , T A V (G ) and S ¡É T

= ` such tha t DG (S , T ) < A+ B. W e have the fo llow ing cla im s.

Cla im 1¡¡ S ¡Ù ` , T ¡Ù ` .

Proof ¡¡ If S = ` , then by L emm a 4, DG (S , T ) =
m - 1

m
dG (T ) + $ 1 (T ) ¡Ý
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m - 1
m

(m g (T ) + kûT û) +
ûT û
m

¡Ý m (m - 1)
m

ûT û +
k (m - 1)

m
ûT û +

ûT û
m

¡Ý k - 1
m

ûT û +

(m - 1) (k - 1)
m

ûT û = (k - 1) ûT û ¡Ý B= A+ B, a con trad ict ion. If T = ` , then DG (S , T )

= dG- S (T ) - p (T ) + q (S ) = q (S ) > g (S ) ¡Ý rûS û¡Ý ûS û¡Ý A= A+ B, a con trad ict ion too.

N ow w e assum e tha t S ¡Ù ` and T ¡Ù ` . Set S 0 = {x ¡Ãx ¡ÊS , p (x ) > g (x ) }. S 1 = S øS 0, T 0

= {x ¡Ãx ¡Ê T , p (x ) = g (x ) }, T 1 = T øT 0.

Cla im 2¡¡ Fo r a ll x ¡Ê S 0, q (x ) = f (x ) o r dG (x ) > m g (x ) + k.

Proof ¡¡ Suppo se to the con tra ry tha t there is an x ¡ÊS 0 such tha t q (x ) < f (x ) and dG (x )

= m g (x ) + k. T hen w e get q (x ) = m g (x ) + k - (m - 1) g (x ) - k + 1 = g (x ) + 1. Since

g (x ) + 1 = q (x ) ¡Ý p (x ) + 1 ¡Ý g (x ) + 1, w e get p (x ) = g (x ) , tha t is, x ¡Ê S 1, a

con trad ict ion. T hu s p (x ) = g (x ) fo r every x ¡Ê S 1 ¡È T 0 and p (x ) > g (x ) fo r every x ¡Ê T 1

¡È S 0.

N ow w e are in the po sit ion to com p lete ou r essen t ia l theo rem. To begin w ith, w e deno te

t = ûV (E 1) ¡É T 1û. T hen ûV (E 1) ¡É (S 0 ¡È T 1) û ¡Ü ûS 0û + t. L et D 1 = {u iv i¡Ãu iv i ¡Ê E 1, u i,

v i ¡Ê (S ¡ÈT ) }. By the cho ice of E 1, fo r u iv i ¡ÊD 1 ¡ÉE (H i) , if {u i, v i} ¡É (S 0 ¡ÈT 1) = ` , then

V (H i) ¡É T 1 = ` ; if û{u i, v i} ¡É (S 0 ¡È T 1) û= 1, then fo r any x y ¡Ê E (H i) , û{x , y } ¡É T 1û¡Ü

1; if {u i, v i} A (S 0 ¡È T 1) , then fo r any x y ¡Ê E (H i) , û{x , y } ¡É T 1û ¡Ü 2. L et t¡ä= ûV (E 1) ¡É

U û, w hereU = V (G ) ø(S ¡È T ). It is easy to see tha t B(S , T 1) ¡ÜûV (E 1) ¡É (S 0 ¡È T 1) û(k -

1) + t¡ä(k - 1) ¡Ü (ûS 0û + t + t¡ä) (k - 1). Sub sequen t ly, w e get

B(S , T ) = B(S , T 0) + B(S , T 1) ¡Ü ûT 0û(k - 1) + (ûS 0û + t + t¡ä) (k - 1)

= (k - 1) (ûS 0û + ûT 0û + t + t¡ä)

and A(S , T ) ¡Ü 2r - t - t¡ä, tha t is, 2r ¡Ý A+ t + t¡ä. By L emm a 3 and L emm a 4, w e ob ta ined

DG (S , T ) ¡Ý
ûT 1û + kûT 0û

m
+

ûS 1û + kûS 0û
m

+
m - 1

m
dG- S (T ) +

1
m

dG- T (S )

=
ûT û + (k - 1) ûT 0û

m
+

ûS û + (k - 1) ûS 0û
m

+
m - 1

m
dG- S (T ) +

1
m

dG- T (S )

=
(k - 1) (ûS 0û + ûT 0û)

m
+

ûT û + dG- T (S )
m

+
ûS û + dG- S (T )

m
+

(m - 2) dG- S (T )
m

¡Ý
(k - 1) (ûS 0û + ûT 0û)

m
+

m g (x ) + k + A- 1
m

¡¡ +
m g (x ) + k + B - (k - 1)

m
+

(m - 2) B
m

¡Ý
(k - 1) (ûS 0û + ûT 0û) + 2m r + k + A+ (m - 1) B

m

>
(k - 1) (ûS 0û + ûT 0û) + (m - 1) 2r + k + A+ (m - 1) B

m

¡Ý
(k - 1) (ûS 0û + ûT 0û) + (m - 1) (A+ t + t¡ä) + k + A+ (m - 1) B

m

¡Ý
(k - 1) (ûS 0û + ûT 0û + t + t¡ä) + m A+ (m - 1) B + k

m

¡Ý m A+ m B + k
m

¡Ý A+ B.
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T h is con trad ict ion com p letes the p roof of the theo rem.

N ow w e are ready to p rove the m ain theo rem.

Theorem 2¡¡ L et G be an (m g (x ) + k , m f (x ) - k ) 2graph and let g and f be tw o in teger2
valued funct ion s defined on V (G ) such tha t r ¡Ü g (x ) ¡Ü f (x ). L et H 1, H 2, ¡­ , H r be vertex

d isjo in t k2subgraph s of G. T hen G has k edge disjo in t (g , f ) 2facto rs w h ich are o rthogonal to

H i fo r a ll i, 1 ¡Ü i ¡Ü r.

Proof ¡¡ By T heo rem 1, G has a (p , q) 2facto r F 1 con ta in ing E 1 and exclud ing E 2. Since g ¡Ü

p < q ¡Ü f and by the defin it ion of (g , f ) 2facto r of G , w e know tha t the (p , q) 2facto r F 1 of G

is a lso a (g , f ) 2facto r of G. By L emm a 5, G ¡ä= G - E (F 1) is an ( (m - 1) g + k - 1, (m - 1) f

- k+ 1) 2graph . N o te tha t H ¡ä
i = H i - u iv i is (k - 1) 2subgraph of G ¡ä. R epea t ing the above

p roof w e can p rove tha t G has k (g , f ) 2facto rs F 1, F 2, ¡­ , F k such tha t each of these facto r is

o rthogonal to H i fo r 1 ¡Ü i ¡Ü r.
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(m g + k , m f - k ) 2图中正交于 r个不相交子图
的边不交的 (g , f ) 2因子

ãÆÏþÏ¼, Áõ¹ðÕæ
(É½¶«´óÑ§ÊýÑ§Ôº, ¼ÃÄÏ250100)

摘要: Éèm , k ºÍ r ÎªÕýÕûÊý, ÇÒÊ¹1 ¡Ü k < m . ÉèG ÊÇÒ»¸ö¾ßÓÐ¶¥µã¼¯ºÏV (G ) ºÍ±ß¼¯ºÏ

E (G ) µÄÍ¼, ²¢Éèg ºÍ f ÊÇ¶¨ÒåÔÚV (G ) ÉÏµÄÊ¹¶ÔÃ¿¸öx ¡ÊV (G ) ÓÐr ¡Ü g (x ) ¡Ü f (x ) µÄÕûÊý

Öµº¯Êý. ÉèH 1, H 2, ¡­ , H r ÊÇG µÄr ¸ö¶¥µã²»Ïà½»µÄ×ÓÍ¼ÇÒûE (H i) û = k , 1 ¡Ü i ¡Ü r. ±¾ÎÄÖ¤Ã÷

ÁËÃ¿¸ö(m g + k ,m f - k ) 2 Í¼ÓÐk ¸ö±ß²»Ïà½»µÄ(g , f ) 2Òò×ÓÕý½»ÓÚH i, 1 ¡Ü i ¡Ü r.

关键词: Í¼; (g , f ) 2Òò×Ó; Õý½»Òò×Ó·Ö½â
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