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Abstract　　Let G be a graph with vertex set V ( G) and edge set E ( G) , and let g and f be two integer2valued
functions defined on V ( G) such that g ( x) ≤f ( x) for every vertex x of V ( G) . It was conjectured that if G is an
( m g + m - 1 , mf - m + 1) 2graph and H a subgraph of G with m edges , then G has a ( g , f )2factorization orthogo2
nal to H. This conjecture is proved affirmatively.
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In this paper we consider finite undirected simple graphs. Let G be a graph with vertex set

V ( G) and edge set E ( G) . Let g and f be two integer2valued functions defined on V ( G) such
that g ( x) ≤f ( x ) for all x ∈V ( G) . Then a ( g , f ) 2factor of G is a spanning subgraph H of G

satisfying g ( x ) ≤d H ( x ) ≤f ( x ) for all x ∈V ( G) . In particular , if G it self is a ( g , f ) 2factor ,

then G is called a ( g , f ) 2graph. A ( g , f ) 2factorization F = { F1 , F2 , ⋯, Fm } of G is a partition

of E ( G) into edge disjoint ( g , f ) 2 factors F1 , F2 , ⋯, Fm . Let H be a subgraph of G. A factor2
ization F = { F1 , F2 , ⋯, Fm } of G is orthogonal to H if E ( H) ∩E ( Fi) = 1 , 1≤i ≤m . Other

notation and terminology not defined here can be found in reference [1 ] .

Reference [2 ] posed the following questions :
(1) Given a factorization F of G , does there exist a subgraph of G with a given property or2

thogonal to F ?
(2) Given a subgraph H of G , does there exist a factorization F of G to which it is orthogo2

nal ?
These problems are commonly called orthogonal factorization problems. The research of them

has application in combinatorial design. On the first question , refs. [ 3 ] and [ 4 ] researched the

sufficient conditions for the existence of the subgraphs orthogonal to a given k2factorization and of
the matchings orthogonal to a given 22factorization. On the second question , refs. [ 5 ,6 ] studied

the factorizations of ( m g + m - 1 , m f - m + 1)2graph orthogonal to a star or a matching , and

moreover , raised the question : for any ( m g + m - 1 , m f - m + 1) 2graph G and a subgraph H of

G with m edges , does the graph G have a ( g , f )2factorization orthogonal to H ? This problem
has att racted wide attention. Yan1) has achieved many results on this problem. Up to date , for G

being bipartite graph or H being a tree , the problem has already been proved positively2) ,3) . For
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g≥1 , Yuan4) got a positive solution. In this paper , we will give an affirmative solution for the

problem.

1　Preliminary lemmas

Let S be a subset of V ( G) . We denote by G2S the subgraph obtained from G by deleting
the vertices of S and the edges incident with the vertices in S . Let S and T be two disjoint sub2
sets of V ( G) . We denote by EG ( S , T) the subset of edges of G connecting S and T . Let eG

( S , T) = EG ( S , T) . Let g and f be two integer valued functions defined on V ( G) . If C is

a component of G - ( S ∪T) and for all x ∈V ( C) , g ( x ) = f ( x ) , then C is said to be odd or

even according as eG ( T , V ( C) ) + ∑
x∈V ( C)

f ( x) is odd or even. If the component C of G - ( S ∪T) is

neither odd nor even , then we call C a neutral component . Denote by hG ( S , T) the number of

odd components of G - ( S ∪T) . For convenience , write f ( S ) = ∑
x ∈S

f ( x ) , g ( T) = ∑
x ∈T

g ( x)

and d G ( T) = ∑
x ∈T

d G ( x ) . Let

δG ( S , T) = d G- S ( T) - g ( T) - hG ( S , T) + f ( S ) .

In 1970 Lovász got the following result .
Lemma 1[ 7] . 　L et G be a graph , and let g and f be tw o integer val ued f unctions def ined

on V ( G) and g ( x) ≤f ( x ) f or all x ∈V ( G) . Then G has a ( g , f ) 2f actor if and only ifδG

( S , T) ≥0 f or any tw o disjoint subsets S and T of V ( G) .

Let S , T be two disjoint subsets of V ( G) , and let E1 , E2 be two disjoint subsets of E

( G) . Let
D = V ( G) \ ( S ∪ T) , E( S ) = xy ∈ E ( G) : x , y ∈ S ,

E ( T) = xy ∈ E ( G) : x , y ∈ T

and write
E′1 = E1 ∩ E ( S ) , 　 E″1 = E1 ∩ E ( S , D) ;

E′2 = E2 ∩ E ( T) , 　 E″2 = E2 ∩ E ( T , D) ;

H1 = G[ E′1 ∪ E″1 ] , 　 H2 = G[ E′2 ∪ E″2 ]

and

αG ( S , T ; E1 , E2) = 2 E′1 + E″1 = ∑
x ∈S

d H1
( x ) ,

βG ( S , T ; E1 , E2) = 2 E′2 + E″2 = ∑
x∈T

d H
2
( x ) ,

ΔG ( S , T ; E1 , E2) =αG ( S , T ; E1 , E2) +βG ( S , T ; E1 , E2) .

Without ambiguity , we substituteαG ( S , T ; E1 , E2) ,βG ( S , T ; E1 , E2) andΔG ( S , T ; E1 , E2)

forα,βandΔ.
The following Lemma 2 was also obtained by Yuan recently. Here we give a simpler proof .

Lemma 2. 　L et G be a graph , let g , f be tw o integer val ued f unctions def ined on V ( G)

and 0≤g ( x) < f ( x ) ≤d G ( x ) f or all x ∈V ( G) , and let E1 and E2 be tw o disjoint subsets of

E ( G) . Then G has a ( g , f ) 2f actor F such that E1 Α E ( F) and E2∩E ( F) = “ if and only if

δG ( S , T) = d G- S ( T) - g ( T) + f ( S ) ≥ΔG ( S , T ; E1 , E2)

f or any tw o disjoint subsets S and T of V ( G) .

Proof . 　Let G′= G - E2 . Then G has a ( g , f ) 2factor F such that E ( F) ∩E2 = “ if and
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only if G′has a ( g , f ) 2factor , and by Lemma 1 , if and only if
δG′( S , T) = d G′- S ( T) - g ( T) + f ( S ) ≥0

for any two disjoint subsets S and T of V ( G) .

Clearly ,δG′( S , T) =δG ( S , T) - β. HenceδG′( S , T) ≥0 if and only if δG ( S , T) ≥β.

Let

g′( x ) = d G ( x ) - f ( x ) , 　f′( x ) = d G ( x ) - g ( x ) .

It is obvious that G has a ( g , f ) 2factor containing all edges of E1 if and only if G has a ( g′, f′) 2
factor excluding any edge of E1 . By the above argument , this is equivalent to

δG ( S , T ; g′, f′) = d G- S ( T) - g′( T) + f′( S ) ≥2 E1 ∩ E ( T) + E1 ∩ E ( T , D) .

Note thatδG ( S , T ; g′, f′) = d G ( T) - eG ( S , T) - d G ( T) + f ( T) + d G ( S ) - g ( S ) = d G - T

( S ) - g ( S ) + f ( T) =δG ( T , S ) .

Therefore , G has a ( g , f ) 2factor containing all edges of E1 if and only if

δG ( T , S ) ≥2 E1 ∩ E ( T) + E1 ∩ E ( T , D) ;

that is

δG ( S , T) ≥2 E1 ∩ E ( S ) + E1 ∩ E ( S , D) =α.

　　Since G has a ( g , f ) 2factor F such that E1 Α E ( F) and E2∩E ( F) = “ if and only if G′
has a ( g , f )2factor F such that E1 Α E ( F) , by the discussion above , this is equivalent toδG′

( S , T) ≥α. On the other hand ,δG′( S , T) =δG ( S , T) -β. It follows that G has a ( g , f ) 2fac2
tor F such that E1 Α E ( F) and E2∩E ( F) = “ if and only ifδG ( S , T) ≥α+β.

Lemma 3[ 5 ,6] . 　L et G be an ( m g + m - 1 , m f - m + 1) 2graph , and let m ≥1 be an inte2
ger . If H is a star or a m atching induced f rom G w ith m edges , then G has a ( g , f ) 2f actoriz a2
tion orthogonal to H.

In the following , we always assume that G is an ( m g + m - 1 , mf - m + 1) 2graph , and m

≥1 an integer. Define

p ( x) = max g ( x) , d G ( x ) - ( m - 1) f ( x ) + ( m - 2) ,

q ( x ) = min f ( x ) , d G ( x ) - ( m - 1) g ( x) - ( m - 2) .

By the definition of p ( x) and q ( x ) , we have the following result .

Lemma 4. 　L et m ≥2 be an integer. Then

g ( x) ≤ p ( x) ≤
d G ( x ) - 1

m
<

d G ( x ) + 1
m
≤ q ( x ) ≤ f ( x )

and 　　　d G ( x ) - p ( x) ≥ m - 1 , d G ( x ) ≥ m p ( x) + 1 , d G ( x ) ≤ m q ( x ) - 1

hol d f or all x ∈V ( G) .

Let

Δ1 ( x ) =
1
m

d G ( x ) - p ( x) , Δ2 ( x ) = q ( x) -
1
m

d G ( x ) .

By Lemma 4

Δ1 ( x ) ≥ 1
m

, 　Δ2 ( x ) ≥ 1
m

hold for all x ∈V ( G) .

Lemma 5[5 ] . 　For any tw o disjoint subsets S and T of V ( G) , it f ollows that

δG ( S , T) =
1
m

d G ( T) - p ( T) + q ( S ) -
1
m

d G ( S ) +
m - 1

m
d G- S ( T) +

1
m

d G- T ( S )
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= Δ1 ( T) +Δ2 ( S ) +
m - 1

m
d G- S ( T) +

1
m

d G- T ( S )

≥ T
m

+
S
m

+
m - 1

m
d G- S ( T) +

1
m

d G- T ( S ) .

2　Main result and proof

The problem posed in ref . [ 5 ] is the following theorem.

Theorem 1. 　L et G be a ( kg + k - 1 , kf - k + 1) 2graph , k ≥1 be an integer , and let H be

a subgraph of G w ith k edges . Then G has a ( g , f ) 2f actoriz ation orthogonal to H.

Proof . 　By Lemma 3 , the theorem holds when k = 1 ,2. So we may assume k ≥3. Now we

prove the theorem by induction on k . Suppose that the theorem holds when k < m . We consider
the case k = m ≥3.

Let G be an ( m g + m - 1 , m f - m + 1) 2graph , and let H be a subgraph of G with m

edges. Define p ( x ) , q ( x) the same as in sec. 1. Put

A 1 = xy ∈ E ( H) : p ( x) , p ( y) ≥1 ;

A 2 = xy ∈ E ( H) : p ( x) + p ( y) ≥1 ;

A =

A 1 , 　 if A 1 ≠“,

A 2 , 　 if A 1 = “ and A 2 ≠“,

E ( H) , if A 2 = “.

　　Choose uv ∈A such that d H ( u) + d H ( v) is as large as possible. Let

d0 = d H ( u) + d H ( v) - 1 .

Writing E1 = { uv} and E2 = E ( H) \ E1 , we have E1 = 1 and E2 = m - 1 . For any two

disjoint subsets S , T of V ( G) , we define E′1 , E″1 , E′2 , E″2 , H1 , H2 ,α,β,Δ the same as in sec.

1. By the definition ofαandβ, we have
α≤min 2 , S ,β≤2 m - α( d0 - 1) - 2 ≤2 m - αd0 .

Next , we will prove that G has a ( p , q) 2factor F such that E1 Α E ( F) and E2∩E ( F) = “.

We choose the disjoint subsets S , T of V ( G) such that
(i)δG ( S , T) - ΔG ( S , T ; E1 , E2) is as small as possible ;
(ii) under the rest riction of (i) , T is as small as possible.

Let d G - S ( T) =β+ε, r = min d H
2
( x ) : x ∈T . Thenε≥0 and 0≤r≤m - 1. It is clear that

r≤d0 when “≠E′2 Α A 1 .

We only need to show thatδG ( S , T) ≥ΔG ( S , T ; E1 , E2) =α+β. Suppose to the contrary

thatδG ( S , T) ≤α+β- 1 . We have then the following claims.

Clai m 1 . 　S ≠“; T ≠“.

Proof . 　If one of S or T is an empty set , thenδG ( S , T) = d G ( T) - p ( T) + q ( S ) . By

Lemma 4 , d G ( T) - p ( T) ≥( m - 1) T ≥β. On the other hand , q ( S ) ≥ S ≥α. Hence

we getδG ( S , T) >α+β- 1 ; a contradiction.

Clai m 2 . 　p ( x) ≥1 holds for all x ∈T .

Proof . 　If T0 = x ∈T : p ( x) = 0 ≠“, let T1 = T \ T0 . SinceδG ( S , T) =δG ( S , T1)

+δG ( S , T0) - q ( S ) =δG ( S , T1) + d G - S ( T0) - p ( T0) =δG ( S , T1) + d G - S ( T0) and Δ=
αG ( S , T ; E1 , E2) +βG ( S , T ; E1 , E2) ≤αG ( S , T1 ; E1 , E2) +βG ( S , T1 ; E1 , E2) +βG ( S , T0 ;

E1 , E2) and by d G - S ( T0) ≥βG ( S , T0 ; E1 , E2) , we get
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δG ( S , T) - Δ( S , T ; E1 , E2) ≥δG ( S , T1) + d G- S ( T0) - αG ( S , T1 ; E1 , E2)

- βG ( S , T1 ; E1 , E2) - βG ( S , T0 ; E1 , E2)

≥δG ( S , T1) - ΔG ( S , T1 ; E1 , E2) ,

which contradicts the minimality of T . Hence T0 = “.

Clai m 3 . 　Δ1 ( T) +Δ2 ( S ) +
1
m

d G - T ( S ) <
2 m - 1 + S

m
.

Proof . 　Suppose that the claim is not t rue. Noting that S ≥m + 1 - r -ε, by Lemma

5 , we get

δG ( S , T) ≥2 m - 1 + S
m

+
m - 1

m
d G- S ( T)

≥2 m - 1 + m + 1 - r - ε
m

+
m - 1

m
(β+ε) ≥3 m - r - β

m
+β.

When E′2 = “,β≤m - 1 . Since r≤m - 1 , we have

δG ( S , T) ≥ m + 2
m

+β >α+β - 1 .

When E′2≠“, by Claim 2 , we have “≠E′2 Α A 1 , and thus r≤d0 . Keepingβ≤2 m - αd0 in

mind , we get

δG ( S , T) ≥
m - r +αd0

m
+β >α+β - 1 .

Both of them contradictδG ( S , T) ≤α+β- 1 .

Clai m 4 . 　d G ( x ) ≤2 m - 2 holds for all x ∈S .

Proof . 　If thre is a vertex x ∈S such that d G ( x ) ≥2 m - 1 , then T + d G - T ( S ) ≥2 m

- 1 . It follows that Δ1 ( T ) + Δ2 ( S ) +
1
m

d G - T ( S ) ≥ T
m

+
S
m

+
1
m

d G - T ( S )

≥2 m - 1 + S
m

, which contradicts Claim 3.

Clai m 5 . 　p ( x) = 0 holds for all x ∈S .

Proof . 　Suppose that there is a vertex x ∈S such that p ( x ) ≥1. By Claim 4 , d G ( x ) ≤
2 m - 2 , and since d G ( x ) ≥m g ( x ) + ( m - 1) , we have g ( x ) = 0. Furthermore , by the defini2
tion of p ( x) , p ( x ) = d G ( x ) - ( m - 1) f ( x ) + ( m - 2) . If f ( x ) ≥3 , then p ( x) ≤2 m - 2 -

3 ( m - 1) + ( m - 2) = - 1. This contradiction implies that f ( x ) ≤2. As 1≤p ( x ) < q ( x ) ≤f

( x ) ≤2 , we have p ( x) = 1 and q ( x ) = f ( x ) = 2. Hence Δ2 ( x ) = q ( x ) -
1
m

d G ( x ) ≥f ( x )

-
mf ( x) - m + 1

m
= 1 -

1
m

. On the other hand , since T + d G - T ( S ) ≥d G ( x ) ≥m p ( x ) + 1

≥m + 1 , we get

Δ1 ( T) +Δ2 ( S ) +
1
m

d G- T ( S ) ≥ T
m

+
S - 1

m
+ 1 -

1
m

+
1
m

d G- T ( S )

≥2 m - 1 + S
m

,

which contradicts Claim 3.

Clai m 6 . 　δG ( S , T) ≥m - 1
m

+
S
m

+
m - 1

m
β.

Proof . 　By Lemma 5 ,δG ( S , T) =
T

m
+

S
m

+
m - 1

m
d G - S ( T) +

1
m

d G - T ( S ) . On the
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other hand , since d G - S ( T) ≥βand T + d G - T ( S ) ≥m - 1 , we are done.

Now we consider two cases to prove the theorem.
Case 1 . 　E′2 = “.

If E″2 = “, thenβ= 0 . By Claim 6 ,δG ( S , T) ≥m - 1
m

+
S
m

>α- 1 =α+β- 1 ; a con2

t radiction.

If E″2≠“, thenβ≤m - 1 , and so
m - 1

m
(β+ 1) ≥β. By Claim 2 and the choice of uv , we

have p ( u) + p ( v) ≥1. By Claim 5 , { u , v} ∩S ≤1 , and thenα≤1. By Claim 6 , we getδG

( S , T) ≥ S
m

+
m - 1

m
(β+ 1) ≥ S

m
+β>α+β- 1 ; a contradiction.

Case 2 . 　E′2≠“.

By Claim 2 and the choice of uv , p ( u) , p ( v) ≥1 . By Claim 5 , u , v | S , and soα= 0.

And by Claim 6 , we getδG ( S , T) ≥m - 1
m

+
S
m

+
m - 1

m
β>β- 1 =α+β- 1 ; a contradiction.

From the argument above and by Lemma 2 , G has a ( p , q)2factor F such that E1 Α F and

E2∩F = “. Since the ( p , q)2factor of G is also a ( g , f ) 2factor of G , and G - F is an [ ( m

- 1) g + ( m - 2) , ( m - 1) f - ( m - 2) ]2graph , and by induction , the theorem is proved.
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