Vol. 41 No. 3 SCIENCE IN CHINA (Series A) March 1998

(g, f) -factorizations orthogonal to a subgraph in graphs’

L1 Guojun ( ) and L IU Guizhen ( )
(Department of Mathematics and Systems Science, Shandong Universty , Jinan 250100, China)

Recelved August 27, 1997

Abstract Let G be agraph with vertex sst V(G) and edge st E(G) , and let g and f be two integer-va ued
functions defined on V ( G) such that g(x) < f (x) for every vertex x of V(G). It wasconjectured that if Gisan
(mg+ m-1,mf - m+1)-grgoh and H asubgraphof G with m edges, then G hasa ( g, f)-factorization orthogo-
nd to H. Thisconjectureis proved afirmatively.
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In this paper we condder finite undirected smple graphs. Let G be a graph with vertex set
V(G) and edge set E(G). Let gand f be two integer-va ued functions defined on V ( G) such
that g(x) <f(x) foral x V(G). Thena (g,f)-factor of Gisa ganning subgraph Hof G
satifying g(x) < dy(x) <f(x) fordl x V(G). Inparticular,if Gitsefisa (g,f) -factor,
then Giscdleda (g, f) -graph. A (g, f) -factorization F={ F1, F2, , Fn} of Gisapartition
of E(G) into edge digoint (g, f) - factors F;, F,, , Fm. Let H beasubgraphof G. A factor-
ization F={ F1, F2, , Fy} of Gisorthogonal to H if | ECH) nE(F)| =1, 1<i< m. Other
notation and terminology not defined here can be found in reference [1].

Reference [2] posed the following questions:

(1) Gven afactorization Fof G, doesthere exist a subgraph of G with a given property or-
thogond to F?

(2) Gven a subgraph H of G, doesthere exist afactorization Fof G to which it isorthogo-
nal ?

These problems are commonly called orthogonal factorization problems. The research of them
has application in combinatoria desgn. On the first question, refs. [3] and [4] researched the
sufficient conditionsfor the existence of the subgraphsorthogonal to a given k-factorization and of
the matchingsorthogona to a given 2-factorization. On the second question, refs. [5,6] studied
the factorizationsof (mg+ m- 1, mf - m + 1)-graph orthogonal to a star or a matching, and
moreover , raised the question: forany (mg+ m- 1, mf - m+1)-graph G and a subgraph H of
G with m edges, does the graph G have a ( g, f)-factorization orthogona to H ? This problem
has attracted wide attention. Yan® has achieved many resultson thisproblem. Up to date, for G
being hipartite gragph or H being a tree, the problem has already been proved pos'tivelyz) 3 For
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g1, Yuan® got a podtive lution. In thispaper , we will give an afirmative lution for the
problem.

1 Preiminary lemmas

Let S beasubset of V(G). We denote by G-S the subgraph obtained from G by deleting
the verticesof S and the edgesincident with the verticesin S. Let Sand T be two digoint sub-
stsof V(G). We denote by Eg(S, T) the subset of edgesof G connecting Sand T. Let eg
(s, T = | Ec(S, T) |, Let g and f be two integer valued functions definedon V(G). If Cis
acomponent of G- (S T) andfordl x V(C), g(x) =f(x),then Cissad to beoddor

even acocording ases( T,V (Q)) + Z f (x) isoddor even. If thecnponent Cof G- (S T) is
C)

X

neither odd nor even, then we cdl C a neutrad component. Denote by hg(S, T) the number of
odd componentsof G- (S T). For convenience, write f (S) = Zf(x) ,g(T) = Zg(x)

and dG(T) = ZdG(X) Let

0c(S,T) = de.s(T) - g(T) - ha(S, T) +f(9).
In 1970 Lovasz got the following result.

Lemma 117, Let Grea graph, and let g and f be two integer valued f unctions defined
onV(G) and g(x) <f(x) forall x V(G). Then Ghasa (g,f) -factor if and only if® ¢
(S, T) =20 for any two disjoint subsets S and T of V(G).

Let S, T be two digoint subsetsof V (G) , and let E;, E; be two digoint subsstsof E
(G). Let

D=V(G\ (S T),E(S):<xy E(G) :x,y S}
§D ={xy EG:xy T

and write
E, = E1 n E(S), EY' = E1 n E(S,D);
E, = EEn E(T), Eb = EE n E(T,D);
Hi = G[ E1 11, H2 = G[E2 2]
and

0g(S,T; B2, E) = 2| E1| + | E"1|

deHl(X) )
deHz( x) ,

Ag(S, T;E1,E) =06(S, T; E1,E) +Bs(S, T; E1, E).
Without ambiguity , we substituted ¢ (S, T; E1, E2) ,Bc(S, T; E1, E) andA¢(S, T; E1, E»)
fora B andA .
The following Lemma 2 was a 0 obtained by Yuan recently. Here we give a S mpler proof.
Lemma 2. Let Gbeagraph, let g, f betwo integer valued functions defined on V ( G)
and 0< g(x) <f(x) £dg(x) forall x V(G), andlet E; and E, be two disjoint subsets of
E(G). Then Ghasa (g,f)-factor Fsuch that E; S E(F) and E, n E(F) = ““ if and only if
0c(S,T) = da.s(T) - g(T) +f(S) 2A6(S, T; E1, E2)
for any two disjoint subsets S and T of V(G).
Proof. Let G = G- E,. Then Ghasa (g, f)-factor Fsuchthat E(F) n E; = ““if and

Bo(S, T E1, E) = 2| Bol + | 3l
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only if G hasa (g, f)-factor, and by Lemma 1, if and only if
3¢ (S, T) = dg-s(T) - g(T) +f(S) 20
for any two digoint subssts Sand Tof V(G).

Clearly,d¢ (S, T) =04(S, T) -B. Henced (S, T) =0if andonly if d5(S, T) =B.

Let

d(x) =de(x) - f(x), f(x) =de(x) - g(x).
It isobviousthat G hasa (g, f) -factor containing al edgesof E;if andonlyif Ghasa (¢ ,f") -
factor excluding any edge of E;. By the above argument , thisis equivalent to
56(S,T:d ,f) = das(T) - g(D +f(s) 22lE nE(DI+|E nET.D)I.
Notethatd ¢(S, T;d ,f') =de(T) - ec(S, T) - da(T) +f(T) +de(S) - g(S) =dg. 1
(S)- g(9) +f(T) =04(T,S).

Therefore, G hasa (g, f) -factor containing al edgesof E;if and only if

8s(T.9) 22lEn E(DI+|E nECT, D)
that is

5s(s, T 22l B nE(S)|+|E nES, D=0,

Snce G hasa (g,f) -factor Fsuchthat E; SE(F) and E; n E(F) = ““if andonly if G
hasa (g, f)-factor F such that E; € E( F) , by the discusson above, thisis equivaent tod ¢
(S, T) =a. Ontheother hand,0 ¢ (S, T) =04(S, T) -B. Itfollowsthat G hasa (g, f)-fac
tor Fsuchthat E; SE(F) and Eo n E(F) = ““if andonly if d (S, T) =0 +f3.

Lemma 3°® . Let Gbean (mg+ m-1,mf - m+1)-graph, andlet m>=1 be an inte-
ger. If Hisastar or a matching induced from G with m edges, then G hasa (g, f) -factoriza-
tion orthogonal to H.

In thefollowing , we dways assume that Gisan (mg+ m- 1, mf - m+1) -graph, and m
>1 aninteger. Define

p(x) = maxy g(x),de(x) - (m-1)f(x) +(m-2);,
q(x) = md f(x),de(x) - (m-1)g(x) - (m- 2y
By the definition of p(x) and q(x) , we have the following result.

Lemma4. Let m=2 beaninteger. Then
de(x) - 1 - de(x) +1

m m
and de(x) - p(x) =2 m-1,dg(x) =2 mp(x) +1,ds(x) £ mg(x) - 1
hold for all x V(G).

Let

g(x) < p(x) < < g(x) € f(x)

8100 = Ede(x0 - p(x) . A2(x) = a(x) - Ede(x).
By Lemma 4
Ao 2h A0 2T

holdforal x V(G).
Lemma 5%, For any two disjoint subsets S and T of V(G) , it follows that

(s, T = | Ldo(T) - p(T)J +[q(S) - Lae(9)| + =Hdo s(1) + Tds 1(9)

m
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= 81(T) +8,(9) + P=Tde (1) + Tdo. (9)

2%+J_sl+m-_1 1

m m de.s(T) + de-T(S)-

2 Main result and proof

The problem posed in ref. [5] is the following theorem.

Theorem 1. Let Gbhea (kg+ k- 1,kf - k+1)-graph, k=1 beaninteger, and let H be
a subgraph of G with k edges. Then G has a (g, f) -factorization orthogonal to H.

Proof . By Lemma3, the theorem holdswhen k=1 ,2. S we may assume k=3. Now we
prove the theorem by induction on k. Suppose that the theorem holds when k < m. We consder
thecase k= m=3.

Let Gbean (mg+ m- 1, mf - m+1)-graph, and let H be a subgraph of G with m
edges. Define p(x),q(x) thesameasin sc. 1. Put

A=\ xy E(H): p(x),p(y) 21};
Az =3 xy  E(H): p(x) + p(y) 21 ;
A, if Ay £ °°,
A =8 Ay, if Ay = ““and A, # “°,
E(H),if A = ““
Choose uv A suchthat dy(u) +dy(v) isaslarge asposshle. Let
do = du(u) +du(v) - 1.
Writing E;={ uv} and E;= E(H) \ E;, we have| E1| =1 and | E2| = m- 1. For any two
digoint subssts S, Tof V(G) , weddine Ey, E1, E2, E>, Hy, Ho 0 B ,A the same asin sc.
1. By the definition ofa andB , we have
a <mn2,lsl) B<2m-a(d-1) -2<2m-ad.
Next , we will prove that G hasa (p, g)-factor F suchthat E; SE(F) and E; n E(F) = ““

We choose the digoint subsets S, T of V ( G) such that

(i) c(S,T) -As(S, T; E1, Ex) isassmal aspossble;

(ii) under the restriction of (i) , | 11 isas.small asposshle.

Let dg. s(T) =B +€ ,r=min du,(x): x T/. Then€¢ 20and0< r< m- 1. Itisdear that
r< dowhen ““# E, SA;.

We only need to show thatd (S, T) =A (S, T; E1, E) =0 +B. Suppose to the contrary
thatd (S, T) <0 +B - 1. We have then the following claims.

Claim1l. S# “ T# ““

Proof. If oneof Sor Tisanempty st,thends(S, T) =de(T) - p(T) +q(S). By
Lemma4, deg(T) - p(T) =2(m- 1)| Tl >B. Ontheother hand, q(S) = | sl >a. Hence
wegetd (S, T) >0 +f - 1; a contradiction.

Claim 2. p(x) =1holdsforal x T.

Proof. If To=\'x T:p(x) =0 #“, let Ty=T\ To. Snced (S, T) =0(S, T1)
+0 (S, To) - q(S) =05(S, T1) + ds-s( To) - p(To) =05(S, T1) + dg- s(To) andA =
ac(S, T; E1, E2) +Ba(S, T; E1, E2) <0G(S, T1; E1, E2) +Bc(S, T1; E1, E2) +Bs(S, To;
E1, E2) and by dg. s( To) 2Bc(S, To; E1, E2) , we get
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05(S, T) - A(S, T; E1,E) 206(S, T1) + do-s(To) - A(S, T1; E1, E2)
-Bs(S, T1; E1, E2) - Ba(S, To; E1, E2)
205(S, T1) - As(S, T1; E1, B,
which contradicts the minimality of | 71 Hence To=“*

2_m_1_S_
Claim 3. A4(T) +A2(S)+'lde 7(8) < m+| |
Proof .  Suppose that the claimis not true. Noting that |S| >m+1- r-€,bylLemma
5, we get
:Zm- |+ S m - |
ds(S,T) 2 m T de-s(T)
22m-1+mm+1-r-£+mr;]|(l3+s)2;3m-m[-[§+[3.

When Eo= ““,B<m-1. 9nce r<m- 1, we have
05(S,T) Z_m_2n+] +B >a +B -1
When Ez # ““, by Jam 2, we have ““# E, S Ay, and thus r < do. KespingPB <2m-0ddgin
mind , we get
m- r +0dg
m
Both of them contradictd (S, T) <0 +f - 1.
Clam 4. dg(x) <2m- 2 holdsfor dl x S.
Proof. If threisavertex x S suchthat dg(x) =22m - 1,then| Tl + deg. 7(S) =22m

1 1
deT(S)Z +de—T(S)

0s(S,T) = +B >a +B - 1.

- 1. It follows that A, ( T) + A, (S) +

> m+ , which contradicts Claim 3.

Claim 5. p(x) =0 holdsfor dl x S.

Proof . Suppose that thereisavertex x S suchthat p(x) 21. By Cam4, ds(x) <
2m- 2, and snce dg(x) =2 mg(x) + (m- 1) , we have g(x) =0. Furthermore, by the defini-
tionof p(x), p(x) =dg(x) - (m-1)f(x) +(m-2). If f(x) =23, then p(x) <2m- 2-
3(m-1) +(m-2) = - 1. Thisocontradiction impliesthat f(x) <2. As1< p(x) <q(x) <f

m m

(x) £2,wehave p(x) =1and q(x) =f(x) =2. HenceA,(x) = q(x) -‘:Lde(x) > f(x)

_le_(_X.)'_lIl_l .
- — o1 # On theother hand, snce | T! + ds. 1(S) = da(x) = mp(x) +1
=2m+1, we get
| 1l | sl-
A(T) +42(S) +‘lmdg.T(S)2—r:_+ —Sm—l+1.-lm +‘:LdG_T(S)
2m-1+1S
>

which contradicts Claim 3.
Claim 6. 84(S,T) 2‘mr;1—1+|—5—| +‘m'—JB.

| 1l Isl m- 1

1
m m de- S(T) + dG. T(S) On the

Proof. BylLemma5,d0s(S,T) =
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other hand, snce dg. s( T) =B and | 7l + de- 7(S) =2 m- 1, we are done.
Now we consder two cases to prove the theorem.
Cael. FE,="“"
If E5=“, thenB =0. By Jam 6,3 (S, T) zmn'q—l +|—§l

tradiction.

>0 - 1=0 +f3 -1; aconr

If ES# ““, thenB < m- 1, andso‘mr;]—l(ﬁ +1) >B. By Claim 2 and the choice of uv , we
have p(u) + p(v) 21. By dam5, [{u,v} nsl <1, andthena <1. By dam6, we getd ¢

m-1
(s,m=2" "+ —@
Case 2. E, # ““
By Claim 2 and the choiceof uv, p(u),p(v) 21. By Jdam5, u,v&€ S, and 00 =0.
And by Claim 6, wegetd (S, T) 2‘mr;]_1+ 0 +‘mr;]_JB >B - 1=a +fB - 1; acontradiction.
From the argument above and by Lemma 2, G hasa ( p, g)-factor F such that E; < F and

E,n F=““ 9ncethe (p, g-factor of Gisd® a (g, f)-factorof G,and G- Fisan[(m
-1)g+(m-2),(m-1)f- (m- 2)]-graph, and by induction, the theorem is proved.

+1) = 0 +B >a +B - 1; acontradiction.
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