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Abstract Let G be a graph and let @, b be nonegative integers with @ < b. Then graph G is
called an (a, b, k)-critical graph if after deleting any k vertices of G the remaining graph of G has an
[a, b]-fa.ctor. In this paper a necessary and sufficient condition for a graph to be (a, b, k)-critical is
given. Some applications of this condition are discussed. Therefore the properties of (a, b, k)-critical
graph are studied.
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1 Introduction

The graphs considered in this paper will be finite and undirected simple graphs. Let G be a
graph with vertex set V(G) and edge set E(G). The minimum degree of G is denoted by 4(G).
Notation and definition not given in this paper can be found in [1].

For § C V(G) the induced subgraph of G by S is denoted by G[S]. For any vertex z of
G, the degree of z is denoted by dg(x). Let a and b be two nonegative integers with a < b.
An [a,b]-factor of graph G is a spanning subgraph H of G such that a < dg(z) < b for any
z € V(H).

Let G — S = G[V(G) \ S). A graph G is called an (a,b, k)-critical graph if after deleting
any k vertices of G the remaining graph of G has an [a,b]-factor. If G is an (a,b, k)-critical
graph, then we also say that G is (a,b,k)-critical. If a = b = n, then an (a,b, k)-critical graph
is simply called a (n, k)-critical graph. If n = 1, then a(n, k)-critical graph is simply called
a k-critical graph. Plummer and Lovasz, discussed the characterization and properties of 2-
critical graphs(®3]. Yul#) gave the characterization of k-critical graphs. Liu and Yul®! stuided the
characterization of (n, k)-critical graphs and (k, H)-extendable graphs. In this paper the case
that a < b is considered. A necessary and sufficient conditions for a graph to be an (a, b, k)-critical
graph is given. Furthermore the properties of edge-deletion and vertex degrees of (a, b, k)-critical
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graphs are discussed. For S C V(G), let

pi(G - 8) = {z : dg-s(z) = j}|.

The following result is given in [6].
Theorem 1.1 Let G be a graph and a,b be two positive integers. Then G has an [a, b]-
factor if and only if for any S C V(G)

a~1

D (a—1)p;i(G - S) < blS|.

i=0

This result is essential for the proof of main theorems in this paper.

2 The Proof of Main Results

At first we give the characterization of (a, b, k)-critical graphs. Then we discuss some ap-
plications of the above characterization. In the following we assume that a,b, k be nonegative
integers and 1 < a < b.

Theorem 2.1 Let G be a graph with |V(G)| > a+ k + 1. Then G is (a,b, k)-critical if
and only if for any S C V(G) and |S| > k

a—1

> (a—3)p;i(G — S) < b|S| - bk.

=0

Proof Suppose that G is (a, b, k)-critical. Then for any U C V(G) with |U| = k,G - U
has an [a, b]-factor. Let S C V(G) and |S| > k. Set U C S and |U| = k. Then G’ = G — U has
an [a, b]-factor. Set S’ = S\ U. By Theorem 1.1, we have

a—1
D (a—)pi(G' - 8') < blS|.
=0
Clearly,
a—1 a—1
Y (@-ipi(G-8) =) (a-j)p;i(G -5
j=0 7=0

< b|S'| = bS \ U| = b|S| — bk.

Conversely, let U C V(G) and |U| = k. Set G’ = G — U. We prove that G’ has an [a, b]-factor.
For any S’ C V(G'), let § = S’ UU. Then by the hypothesis

a—1 a—1

> (a=)p;(G' = 8) =) p;(G - 5) < blS| - bk = b|S.

7=0 =0

By Theorem 1.1 G’ has an [a, b]-factor. Thus G is (a, b, k)-critical.
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Theorem 2.2 Let graph G be (a,b, k)-critical and k > 1. Then G is also (a,b,k — 1)-
critical.

Proof Since G is (a,b, k)-critical, by Theorem 2.1 for any S C V(G) and |S| > k

a—-1

> _(a=)p;(G ~ 5) < blS| - bk.

=0

By Theorem 2.1, to prove the theorem we need only to show that for S C V(G) and |S]| =k —1,

a-1
> (a—3)pi(G ~ S) < b|S| — bk — 1) =0.
=0
Clearly
a—1
> (a-5)pi(G-S)>0.
=0
Thus we need only to show that
a—1
E(a —)pij(G—S)=0for |S|=k -1,
3=0

or dg_s(z) > a for every z € V(G) \ S. Since G is (a,b, k)-critical, we have §(G) > a + k.
Therefore §(G — S) > a+k — (k—1) = a+ 1. Thus dg-g(z) > a for every z € V(G) \ S.

From Theorem 2.2 we immediately obtain the following result.

Corollary 2.3 Let graph G be (a,b, k)-critical and k > 1. Then for any. integer m with
0 < m < k,G is also (a,b, m)-critical. In particular, G has an [a, b]-factor.

We have known that the minimum degree of an (a, b, k)-critical graph is at least a + k. Note
that there is no strong link between the connectivity and (a, b, k)-critical graphs. The following
theorem gives a relationship of properties of edge-deletion and (a, b, k)-critical graphs.

Theorem 2.4 Let graph G be (a,b, k)-critical. Then the subgraph obtained from G by
deleting any k edges has an [a, bl-factor.

Proof Let E; C E(G) and |E,| = k. Set G' = G — E;. We prove that G’ has an

[a, b]-factor. By Theorem 1.1 we need only to prove that for any S C V(G')
a-1
> (a—)p;i(G - S) < blS|. (2.1)
—

Since G is (a, b, k)-critical, by Theorem 2.1, for any S C V(G) and |S| > k

a—1

> (a—3)pi(G - S) < b|S| - bk. (2.2)
i=0
| |

From the proof of Theorem 2.2 we have known that for S C V(G) and |S| < k,

a—1

> (a—j)p;(G-8)=0

i=0
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